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Abstract: We calculate the one loop partition function for topologically massive 
higher spin gravity (TMHSG) for arbitrary spin by taking the spin-3 TMHSG ac- 
tion constructed in arXiv:1107.0915 and subsequently generalising it for an arbitrary 
spin. We find that the final result can be put into a product form which cannot 
be holomorphically factorized giving strong evidence that the topologically massive 
higher spin gravity is dual to a high spin extension of logarithmic CFT rather than 
a chiral one. 
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1. Introduction 

Possibly the most viable testing ground for theories of quantum gravity has been 
three dimensional gravity in Anti de-Sitter space. Pure Anti de-Sitter gravity in 
three dimensions, as is well known, has no local propagating degrees of freedom. This 
feature can be remedied by adding a topological, gravitational Chern-Simons term 
to the action and then one can show that the linearised equations of motion become 
that of a massive scalar field. The theory goes under the name of Topologically 
Massive Gravity (TMG) |], g. 

Through the celebrated AdS/CFT conjecture, there have been attempts to find 
the dual of the 3d AdS theory in terms of a conformal field theory. The field theory 
dual to the bulk Einstein theory in AdSs was initially conjectured to be an extremal 
CFT 0. But a partition function computation by taking into account contributions 
from classical geometries and also including quantum corrections [^ showed that the 
expected holomorphic factorisation does not hold and there were other studies 
which indicated that this conjecture was incorrect. 

Motivated by 0], the authors of [^ looked at Einstein gravity in AdS, now 
modified by a gravitational Chern-Simons term, with a hope to obtain holomorphic 
factorization of the partition function. A study of asymptotic symmetries of pure 
AdS in M had lead to the construction of two copies of the Virasoro algebra with 
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central charges c± = ZijIG (where £ is the AdS radius and G the Newton's constant 
in three dimensions). With the addition of the Chern-Simons term, the two copies of 
the Virasoro algebra still emerge as the asymptotic symmetry, but now with modified 
central charges c± = ^(1 T ^), where l//i is the coefficient of the gravitational 
Chern-Simons term in the action as shown in @, 0. At the 'chiral' point fii = 1, one 
of the central charges vanishes and this led to the Chiral Gravity conjecture in [^. 
The authors claimed that at this value of the coupling, the boundary theory dual to 
TMG in AdS^ was a right-moving chiral CFT with a holomorphically factorizable 
partition function. 

This conjecture was soon hotly debated (see, for example, the works [|10|), and 
in |Tl], |12[ it was shown that TMG at the chiral point was more generally dual to a 
Logarithmic Conformal Field Theory (LCFT) and that there were solutions which 
carried negative energy at the chiral point, thus invalidating the earlier conjecture. A 
more complete analysis in terms of holographic renormalisation techniques |jl3[ was 
carried out and the results supported the latter claim of the duality to LCFT. One 
of the more robust checks of this conjecture was the recent computation of the one- 
loop partition function |0. It was conclusively shown that there is no holomorphic 
factorisation of the one- loop partition function at the chiral point. The structure 
of the gravity calculation also matched with expectations from LCFT. The authors 



Ij] found an exact matching with a part of the answer, viz. the single-particle 
excitations and offered substantial numerical evidence of the matching of the full 
partition functions. 

Recently, there has been a renewed interest in theories of massless fields with spin 
greater than two in AdS spacetimes. It is known that these interacting higher spin 
theories are not sensible in fiat spacetimes. Even in AdS, such theories generically 
require an infinite tower of fields with all possible spins to be consistent. Remarkably, 
in three dimensions, there can be a truncation to fields with spin less than and equal 
to A^ for any A^. It has been argued in |T^, |T^ on the basis of a Brown-Henneaux 
analysis that classically, these theories have an extended classical Wn asymptotic 
symmetry algebra (see also the recent work [0). A one- loop computation in [|T^, 
using the techniques developed in |]T^, showed that this symmetry is indeed pertur- 
batively realised at the quantum level as well. This was an important ingredient in 
formulating the duality ||2^ between higher-spin theories and Wn minimal models 
in the large- A^ limit. There was also a subsequent work |2T], in which the authors 



provided a bound on the amount of higher spin gauge symmetry present. This was 
regarded as a gravitational exclusion principle, where quantum gravitational effects 
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place an upper bound on the number of light states in the theory. Different tests of 



this duality have been performed successfully subsequent to its proposal, see ||2^ . 

The higher spin theories described above, like Einstein AdS gravity in three di- 
mensions, do not have any propagating degrees of freedom. It is natural thus to ask 
if one can generalise Topologically Massive Gravity to theories of higher spin. We, 
in [23 , initiated a construction of this theory, which we call Topologically Massive 
Higher Spin Gravity (TMHSG) (see also the overlapping work [^). As a first step 
to this end, we studied the quadratic action for a spin-3 field in the linearised ap- 
proximation about AdS and obtained hints that the spin-3 theory at the so-called 
chiral point is dual to a logarithmic CFT. Specifically, we found that the space of 
solutions developed an extra logarithmic branch at the chiral point. In this paper, 
we shall perform a quantum test of this conjecture. In particular, we shall compute 
the one-loop partition function of the spin-3 theory on a thermal quotient of AdS^ 
and show that it does not factorize holomorphically at the chiral point. Our analysis 



is along the lines of |]14|], and our results may be viewed as a higher-spin generalisa- 



tion of theirs. We shall also compute the one-loop partition function for a spin-A^ 



generalisation of the action proposed in P3| and show that this property continues 



to hold. We interpret these results as an indication that the dual CFT at the chiral 
point is not chiral, and that the results are consistent with the expectation of a high 
spin extension of a dual logarithmic CFT. 

A brief overview of this paper is as follows. In section ^ we shall review the 
basic setup for the spin-3 calculation. We find that the one-loop partition function 
receives contributions from transverse traceless spin-3, spin-2 (coming from the ghost 
determinant) and transverse spin-1 modes (which is the trace of the spin- 3 field). ^ 
We compute the relevant one-loop determinants in section |^. We find that the spin- 
3 and spin-1 contributions referred to above contain terms (apart from the usual 
holomorphic ones inherited from the undeformed theory) which are non-holomorphic 
in g = e*"^, where r is the modular parameter on the boundary torus of thermal AdS^- 
In particular, we find the contribution to the one loop partition function at the chiral 
point, from the spin-3 fields to be 

oo^ oooo ^ oooo _ 

ztmhsg = n m _ „„|2 n n n _ amn^) n n ci _ ^.k^-k) ■ (^-^^ 

n=3 I y I m=3m=0 ^ ^ "i I k=4k=3 V 'd H J 



^ We remind the reader that in |2^ we had obtained non-gauge spin-1 excitations in the spectrum 
of the theory, which were not present in the undeformed theory. It is perhaps not surprising that 
we find an extra spin-1 contribution to the one- loop partition function of the theory as compared 
to that for the "massless" theory calculated in [nsi. 
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The first term is the holomorphic contribution determined from a study of the mass- 



less theory in [|T8| , the other terms are non- holomorphic, and new. The middle term 
is the contribution from the transverse traceless spin-3 determinant, while the last 
term is the transverse spin-1 contribution coming from the trace of the spin-3 field. 
As we can see from the spin-3 result that the one loop partition function is 
equivalent to the spectrum of the linearised equations of motion obtained by us in 
[^. The contribution from the traceless spin-3 part to the partition function is from 
{m,m) = (3,0) onwards which corresponds to the weights of the traceless primaries 
and its descendants as found in ||2^ and the contribution from the spin-1 trace is from 
{k, k) = (4, 3) onwards which corresponds to the weights of the trace primaries and 



its descendants as we found in [^. Since the one loop calculation can be viewed as 
the partition function Tr{q^°q^°), in general, we must expect all physical modes that 
we saw in our classical analysis in EM to show up in the one loop calculation with 



exactly the same weights. And this is what we get and hence our classical calculation 
and one loop calculations in the present paper are mutually consistent. ^ 



m 



In the later part of the paper we discuss the case of general spins in section ^ 
where we find analogous results. The relevant excitations are transverse traceless 
spin-s, spin-s — 1 (coming from the ghost determinant), transverse traceless spin- 
s — 2 ones (which is the trace of the spin-s field), transverse traceless spin-s — 3 
(coming from the longitudinal component of trace), transverse traceless spin-s — 4 
(coming from the longitudinal component of the longitudinal component of the trace) 
and so on upto transverse traceless spin-1, of which the spin-s, s — 2, s — 3, ■ ■ ■ , 1 
contribute non-holomorphically to the one-loop partition function. There are no 
other relevant excitations coming from the spin-s analysis because of the double- 
tracelessness condition reviewed, for example, in [0. In section ^ we conclude with 
a brief interpretation of our results. We will also do a classical analysis for arbitrary 
spins in appendix ^ and show that the contributions to the partition function also 
appear in the classical spectrum. 

2. The basic set up for s = 3 

In this section we will compute the one loop partition function for spin 3 TMHSG, 
and in the process build up a mechanism to generalise our calculations to arbitrary 
spin in the subsequent section. Following the method adopted in |]TH|, we shall 
compute the one-loop partition function in the Euclideanised version of theory via 



^We thank Rajesh Gopakumar for mentioning this point to us. 
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the path integral 



Z^'^ = TFTf V / [^'^C^)] ^''^'^'''^- (2.1) 

Vol(gauge group) J 

In the one-loop approximation, only the quadratic part of the action S [(p(s)] is 



relevant. This has been worked out for TMHSG, for the case of s = 3, in [^. In 
the Euclidean signature it takes the form 



S = ll £x ^g<p'^^^ 



J^MNP — -^J^iMdNP) 



f2.2) 



where 

J^MNP = T^ J^MNP = J^MNP + -^£QB.{M^ J^ NP)^ (2-3) 

and 

1 2 

J^MNP = ^4>MNP — V(M| V*^0|Arp)Q + -'V(^mVn4>P) " J^g{MN4>P)- (2.4) 

As always, the brackets "( )" denote the sum of the minimum number of terms 
necessary to achieve complete symmetrisation in the enclosed indices without any 
normalisation factor. Let us also define the operation of D^*^) on the trace of the 
spin-3 field by taking the trace of the expression in 

V^^'^4>M = ^M + 7^eQM.fV«0« (2.5) 

We now decompose the fluctuations (J)mnp into transverse traceless (f)^'^'^\ trace 0m 
and longitudinal parts V(Af^Afp) as^ 

4>MNP = 4>MNP + (p(MgNP) + V(M^Arp)- (2.6) 



Following |T^ , we use gauge invariance, and orthogonality of the first two terms in 
( p.6| ) to decompose the action ( p^ ) as 

S[(Pmnp] = S[(PZVp] + S[4>m], (2.7) 

where 

^[0Kp] = -ll ^^Xv/^0(-)--- [-D(-) A] 0£P„ (2.8) 



and 



S[4>m] = ljd'x^ L^^P(*^) (-A + 1) 0M - 0^^I)(*^VmV^ 



(2.9) 



^Note that this decomposition is not orthogonal, in the sense that the trace part contains lon- 



gitudinal terms, and the longitudinal part is not traceless. See |18 



-5- 



Now one can further decompose 



M into its transverse and longitudinal parts as 

+ VmX- (2.10) 



■>M 



■'m 



The action for 



Ui 



then becomes 



5[0 



M\ 



d^x ^ 



80(^)*^P 



(M) 



-A 



S^ + 9x 



-A 



;-A)x • 

(2.11) 
We see that the x part of the action is same as that obtained for the massless theory 
in [|I8| and will subsequently cancel with the relevant term coming from the ghost 
determinant, which arises from making the change of variables ( p.6p in the path 
integral ( p.l[ ). The ghost determinant- being independent of the structure of the 
action- is essentially be the same as that obtained [^, see their expression (2.14). 
This turns out to imply that although that the trace contribution does not cancel 
with the ghost determinant, the contribution coming from its longitudinal part does. 
This is in accordance with the observation in |Q that the trace in TMHSG is not 
pure gauge unlike the massless theory. It is however still true even in the topologically 
massive theory that V^^0m is pure gauge and hence the longitudinal contribution 
from the trace 0j\/ does cancel with the ghost determinant. 

The spin-3 contribution to the one loop partition function for TMHSG is given 
by 



7(3) 
■'TMGHS 



.(3) 



7(3) 



%]) 



X (det[(-P(M)A)] 

X (det[-A(-A + -^)](o) 



X {det[D 



(M)l 



-^ + ^)](i): 



(2.12) 



where Z^ is the ghost determinant arising as a Jacobian factor corresponding to 



the change of variables ( p. 61) . The ghost determinant has been obtained in [T^, see 
their expression (3.9), and is given by 



'(3) 



" \TT ,, i„, / A 1 ' nT 



[det(-A + ^) 2 X det(-A + -)i. x det(-A + -)(o)] 



Therefore, the spin-3 contribution to the one loop partition function is given by 



(2.13) 



7(3) 

'TMGHS 



[det[-P(M)A]f3^]-^[det[P( 



(M)]{1)] 



■[det[-A + |)] 



rprp 
(2) J 



^(3) ^(3) 

massless M ' 



(2.14) 



where Z, 



massless ^^ ^^^ massless spin-3 partition function obtained in flSl, which is 

00 _ 

_o 1 - Q 



massless 



s=3 



g" 
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It remains to determine Z^J . In order to do so, we shall follow the method of [|E 
and first calculate the absolute value | Z]^ | . Following WM , we define 



7(3)1 



[det{V^M)V^M)%]r' X [det(I)(M)%^))fi)]" 



(2.16) 



The subscript (3) and (1) signifies that the operators are acting on transverse traceless 
spin-3 and transverse spin-1 respectively. Using ( |2.3| ) and ( |2.5|) , we can show that 



T^{M)^{M)<P 



TT 
MNP 



.2\iTT 



^(M)^(M)0/ 



1 4 

^ .[-A + (36/z2 -!)](/)?. 



36/i2 



Therefore, 



7(3)1 

'M I 



det 



-^+4(/^'-^: 



(3) 



X 



e' 



det ( -A + (36^2 _ _ 



(2.17) 



(1) 



(2.18) 



3. One-loop determinants for spin-3 

We shall evaluate the one-loop determinants utilising the machinery developed in 
[O, according to which the relevant determinant takes the following form 



m„ 



logdet(-A + :^)5^ 



T-2 



m=l * I 2 1 



where K^^^ is the spin-s heat kernel given by 

CX) 

irW(r,f;t) = 5^ 
We therefore obtain 



(3.1) 



cos{smTi)e' 



it e 



(s+l)t 



(3.2) 



log det -A 



4(/i2/ 



2/2 



P 



TT 



y. 1 cog(3mri) ^_2^^^^^ 



\-^) 'm=l ' ^ ' 

^^ o „3m _j_ TzZra 



(3.3) 



^-^ mix 



m=l 



g")(l-g"^) 



(99) 



-\m(^^-l) 



and similarly, 
— log det 



2/2 



-A + 



36/i^/ 



£2 



T 



j(i) ;^i^(i 



,m I T^ra 



q + g 



g™)(l -g™) 



(??) 



-\3/i£m 



(3.4) 



We have used the notations and conventions of [|T^] throughout. We remind the 
reader that q = e*"^, where r = ri + 2x2 is the complex structure modulus on the 
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boundary torus of thermal AdS^. We can now put together all the contributions into 
the expression for the one-loop partition function 



TT 



logizf^l = -ilogdet(-A + l^^j -ilogdet 



-A + — ^-^^^ 



-\T 



(1) 



^ 2m (1 - g™) (1 - g™) ^^^^ ^ 2m (1 - g™) (1 - g-) ^^^^ 

(3.5) 



Following [|I4|, we infer from this that at the chiral point we have (after rewriting 
log|Zl5'| = llogZ2' + llogZ<?) 

.ogZg'^f-r'lf'l- (3-6) 

^ *^ ^^ m (1 - g™) (1 - g*^) ^ ^ 

Let us now note that 

-,3n 



y -7^-^71^^ V = - E E log (1 - ^'"^"") ' (3-7) 



a"-) i - g , 

n=\ ^ J. J \ 1. J m=4 m,=3 



and hence the spin-3 contribution to the full partition function at the ciral point, 
factorizes as (after including the massless contribution from |T^) 



oo oo 
.(3) 



™^^^ - n^T^ n Iln_qmq^)llllfi_ kq-k)- (3. 



n=3 I ^ I m=3 m=0 ^ i ~l i ^_^ k=Z 

This is the expression (|1 . 1|) that we had mentioned in the introduction. As noted 
there, the partition function does not factorize holomorphically. A chiral CFT would 
not give rise to such a partition function. We therefore take this as a one-loop clue 
that the dual CFT to TMHSG is indeed not chiral, but logarithmic. We remind the 



reader that an analogous result was found in [Tj] for the case of topologically massive 
gravity, from which the authors were able to conclude that the dual CFT was indeed 
logarithmic. 

4. Generalisation to arbitrary spin 

In this section, we will consider a natural generalisation of our spin-3 action ( |2.2| ) to 
an arbitrary spin-s field. We will perform the analysis of Sections and 11 and show 



that holomorphic factorisation does not occur. We take the action^ 



S = ^ I d'x ^0^^iA^--^^» 



•TM^Mi-Ms — ly^ P{Kh-Ms^29Ms-iMs) 



where 



^Mi- 



■Ms 



T^ J^MiM2---Ms = J^Ah---Ms + 



s{s — l)/i 



and 

•^ M1M2M3 Ms 



(4.1) 



^QR{Mi^^J^\...Ms)^ (4-2) 



= A^MiMa Ms - V(Afi|V (j)\M2 Ms)Q + -j^ (M^'^ Mi'P M3Mi....Ms)P 



1 



-m{[s- 3s] (f)MiM2....Ms + 25'(MiM2( 



'M3M4,...Ms)P 



'}■ 



(4.3) 



The normahsation jnz:^) ^^ equation 
spin-A^ case, the chiral point remains n£ 



is fixed by demanding that even in the 
= 1. One can check that the spin-s 



generahsed action (|4.1|) is invariant under the gauge transformation 



Mi---Ms 



-)■ 



4>Mi-Ms + '^ {MiiM2-Ms) where ^m2-Ms is a symmetric-traceless gauge parameter. 

Now we would hke to consider the possibihty that the higher-spin theory with 
spins upto A^ is also dual to a high spin extension of LCFT. One would then expect 
that along the lines of what we have seen for spin-3, the one- loop partition function 
again would not factorize holomorphically. We will now do a one-loop analysis using 
the action ( [4.1|) with this goal in mind. An essential ingredient for this analysis - as 
in the case of spin 3 - is the action of T)^'^^) on symmetric transverse traceless (STT) 
tensors of rank s and below. Using the definition of T)^^^^ in ( [4.2|) , one can show that 



^ ^ VMi-Ms 



^,M)^,M)^is-2,TT) 



r){M)^{M)(s-ni,TT) 

^ ^ XUs^m + l-Ms 





1 


is- 


i)V V 


is 


-2f 


is- 


1)^.V 


is 


\2 

— m) 



mz 

-A + -# 



l{TT), 
■'Mi---Ms 



[s - 1) sV 



-A 
-A 



m 



s-2 



m: 



l{s-2,TT) 
^Mi-Ms ' 



{s-m,TT) 

^Ms-m + l---Ms1 



(4.4) 



^In principle, as mentioned in [E3|, we can obtain the quadratic action for topologically massive 
spin-iV fields from the Chern-Simons formulation of the theory with unequal levels. However, this 
action is a natural extension of the spin-2 and the spin-3 actions, and since the structure is fixed by 
gauge invariance, the action that follows from the Chern-Simons formulation with unequal levels 
should give rise to the same action. The Chern-Simons formulation should also fix the normalisation 



of parity violating C-S term in (4.2) which was fixed by demanding uniqueness of the chiral point. 
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where 



ml = ^?e{s-lf-{s + l] 



ml_^ = ^?e '}' ^}^ -(g-m + l), s>m>2. (4.5) 

(s — m) 

Here (j)^'^~'^^ and ;i^(*^") are STT tensors of rank s — 2 and s — n respectively, where 
ra > 3. 

Following the same steps as for spin-3 in the previous section, the one loop 
partition function can be factorized as 

yM _ 7(s) y(s) (4 (y\ 

^TMHSG ~ ^ (massless)^ M ' K^-^J 

The contributions to Zj^j come from the determinants of p(^) acting on 0(-^^\ 
0{s-2,TT) g^^^ ^{s-m,TT) ^£qj, s > m > 3) . This is apparent from ( f4.4| ), which suggests 
that T)^^'^^ acts non trivially on the STT modes of spin-1 and higher. The action of 
T)^^^^ stops at x^^^ as it acts trivially on scalars, being just the identity map. After 
a careful analysis, one sees that 

1 / 2\ (TT) 1^-1 / 2 \ (TT) 

log\Z^M'\ = -->gdetl-A + ^) -lj:^ogdetl-A + ^) . (4.7) 

V / (s) m=2 ^ ^ (s~in) 

We find, using the spin-s heat kernel ( p.2| ) and the expression ( p.lD for the determi- 
nant, 

- log det ( - A + " '*^ 



P 






2 ' 






Where, 



s(s — l)u£ — (s — m)(s — m — 1) ,^ , 

k{s, m, /i£ = ^ ^^— ) (^ >-. 4.9 

2 s — m) 



At the chiral point /x£ = 1, it becomes 

, ,, , s(s — 1) — (s — m)(s — m — 1) m{2s — m — l) 

k{s, m, 1 = k{s, m) = ^ ^—^ '-\ ^ = -\ -^, 4.10 

2[s — m) 2{s — m) 

(s) 

and hence at the chiral point the partition function Z\,/ becomes 

, , - 1 U"" + Eri2(??l'^^'"^"?^^-"^^'^) 

logZ^.^ = V-^ 7 TT ^ -. (4.11) 
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oo oo 



After using the identities 

n=l ^ J- / \ J / ,^_^ ,^_g 

n=l ^ ' ^ ' p=r{s,m) p=k(s,m) 



where, 



s(s — 1) + (s — ■m)(s — m + 1) 

r(s,m) = k(s,m) + s-m = - ^ -, -, 4.13 

2(s — m] 



the contribution to the full partition function from spin-s field at the chiral point, 
becomes 

oo ^ oo oo ^ s— 1 oo oo ^ 

ZtMHSG = 11 m _ |2 11 11 M _ rr,gn,\ 11 11 11 fl _ oPo^V ^^'^^^ 

n=s I-" y I m=sm=0 ^ ^ ^ ) t=2 p=r{s,t) p=k(s,t) ^ ^ ^ ^ 

Hence, the full partition function at the chiral point, in a theory with fields of spin 
s = 3, ■ ■ ■ A^ in addition to the spin 2 graviton, becomes 



N 



Ztmhsg — 11 



=2 



^ > , . N s— 1 oo oo _ 

n ^— ;rp n n 71^7^ >< nn n n ti^^ 



m=s m=0 



s=3t=2p=r{s,t)p=k{s,t) ' ^ ^ ^ 



,/ \ s(s - 1) - (s - m + l)(s - m- 1) . , ,. , 

Where kis^m) = r , r[s,m) = k[s,m) + s — m 

2{s — m) 

(4.15) 

We will see in appendix ^ that r{s,m) and k{s,m) appear respectively as left and 
right weights of classical left moving primary solution (or massive primary at the 
chiral point). In particular, we will also see that, r{s,m,fii) = k{s,m,^i) + s — m, 
and k{s,m,fii) will be the weights of massive primary at a generic point. Thus we 
also see that for generic spins, our one loop computations and classical computations 
are also mutually consistent. 

Note that the first square bracket contribution starts from s = 2 whereas the 
second square bracket contribution starts from s = 3. This is a novel feature of 
topologically massive higher spin theory and technically this comes from the fact 
the trace is not a pure gauge. As the spin increases, the factors contributing to 
the partition function also increases. This, as discussed before, comes from the fact 
that longitudinal component of trace, longitudinal components of the longitudinal 
components of the trace and so on are not pure gauge and starts contributing till 
one hits a scalar, which is a pure gauge and the contribution terminates. 
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One might be worried about the fact that k{s,m) and r(s,m) in ( 4.15 ) are not 
integers for generic spin, and this might not be consistent with the periodicity in r. 
However one might note that r{s,m) — k{s,m) = s — m, which is an integer and 
hence the periodicity in r is not affected because of the following identity 

5. Conclusions 

In this paper, motivated by the results of [^, we computed the one loop partition 
function for topologically massive higher spin gravity (TMHSG) for spin-3 and later 
generalised it to arbitrary spin. We find that the one loop partition function does not 
factorize holomorphically giving strong evidence that the dual theory is a high spin 
extension of LCFT. This was also anticipated in the classical calculation for spin-3 
TMHSG in [^ as extra logarithmic modes emerged at the chiral point. Although 



this result might be tantalising, a CFT interpretation of the result would make the 
proposal of a high spin extension of dual LCFT more concrete. 

We had speculated on the possible realisation of the symmetry algebra in [^ . 
One of our speculations was that since the classical VV3 algebra at the chiral point 
seems to become singular due to the presence of the inverse of the central charge 
in the coefficient of the non-linear term in the [W, W] commutator, we should look 
at a contraction of this algebra which would effectively reduce this to a Virasoro 
algebra. While this was a perfectly correct limit, we also suggested that this could 
be a rather restrictive realisation. Our analysis in this paper shows that in addition 
to the non-holomorphic factorisation and a contribution from the trace modes, what 
we obtain in the 1-loop partition function at the chiral point is the vacuum character 
of the W3, for the spin-3 case and a similar Wn vacuum character for the spin-iV 
generalisation. This indicates conclusively that the W-algebra exists in the chiral 
limit and does not simply reduce to the Virasoro algebra. This also adds strength 
to another of our speculations in [^, viz. at the chiral point one needs to consider 
the quantum version of the VV3, where the problematic coefficient of the non-linear 
term gets a shift and hence is not singular at the chiral point. 

This also gives rise to the expectation that we would see novel logarithmic be- 
haviour in the W-algebra and not the Virasoro alone. Another piece of evidence of 
the emergent logarithmic nature of the W-algebra at the chiral point comes from 
looking at the OPE of the W-algebra. Let us concentrate of the W3 for the moment. 
The quantum W3 introduced by Zamolodchikov in pS contains two generators, the 
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energy-momentum tensor T{z) and W{z), where W{z) is a primary of spin 3 with 
respect to T{z). The OPE of W{z) with itself is given by 

T... NT... N c/3 2T{w) dT{w) ,^^, 

W{z)W{w)^ - — '-^7: + -, ^ + 7 -^ 5.1 

^ ^ ^ ' (z-w)^ z-wY z-w¥ 



2(3A{w) + ^d^T{w) /3dA{w) + ^d^T{w) 



{z — wY {z — w) 

where A{w) = TT{w) — ^(9^T(w) and /3 = ^^^^ . From here we can read off the 
two-point function 

{Wiz)Wiw)) = ^^^ (5.2) 

The left-moving central charge of the W3 at the chiral point vanishes and this also 
means that the two-point function of W{z) vanishes here. This is a clear indication 
of a logarithmic CFT and we expect the following structure: 

{W{z)Wm = 0, {W{z)w{0, 0)) = ^ (5.3) 

{w{z, z)w{^, 0)) = ^\B^- h^ log m^IzM (5.4) 

where w{z^z) is the logarithmic partner of W{z). h^ is a characterising feature of 
the LCFT, whereas B^ can be got rid of by a field redefinition. It would be very 
interesting to see if this expected structure actually emerges from a more thorough 
analysis in the gravitational set-up generalising the relevant computation done for 



spin-2 in |T^, . It is plausible that given the complicated structure of the 1-loop 
partition function that we have obtained here with the additional pieces from the 
novel trace terms, we would get a richer structure in the logarithmic CFT duals to 
the TMHSG. We leave addressing this issue for future work. 

Before we conclude, we would like to remind the reader of a few important 
observations that follow from the results in the present paper. The fact that the 1- 
loop partition function does not holomorphically factorize gives support to the claim 
that the the dual to TMHSG is a high spin extension of a logarithmic CFT, and not 
a chiral one. Additionally there is the presence of a non trivial spin one contribution 
(in case of spin 3 TMHSG) in the one loop partition function. This points to the fact 
that the trace modes cannot be gauged away, both of which results are in accordance 



with our analysis of classical solutions in [^ |. 
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A. Classical analysis for generic spins 

In this appendix, we will study the classical analysis for generic spins and show that 
k{s,m,fi£) ( [4.9|) and r^s^m^jjitj = k{s,m,^i) + s — m will appear as weights (right 
and left respectively) of massive primaries in the linearised spectrum of generic spins. 
The classical equation of motion for a generic spin is 

J^Mi-Ms = T^ J^MiM2-M, = J^MvMs + / _i\ ^Qfl(MiV ^ Ma-Af^) = 0; (^-1) 

where 

J^MiMiMs Ms = A0MiM2 Ms " V(Mi|V 4>\M2 Ms)Q + -j^ {M^^ M2(t> MiMi....Ms)P 



"72 { [■^^ ~ ^■^l ^^hM2....Ms + 25'(MiM2 0M3M4...M,)P } • 



Using the field redefinition and the gauge condition defined below, 

T 1 ~(s-2) 



(A.2) 



s^ 



>MvMs — (pMi-Ms - -^9{Mj_M2<Pm3---Ms)' 
1, 

2 



V ' (t)MM2-Ms — o^(A^20Af3---M,)' (^-3) 



we can write 



where 



J'm,M2M, Ms = V^'^^V^'^^4>M^-Ms, (A.4) 



~ ~ K ~ 

^ <f>Mi-Ms = 4>Mi-Ms + / _ , X £QR{Mi V M2---Ms)y 

£ ~ 

V^^'Um.-Ms = (t^M.-Ms - ,^_^. eQRi^My'^(t)\i,...Msy (A.5) 

One can now check that the equations of motion implies that 



/'^""^V^^^-.-V^^^J-M.-.M. 


= 


/'^'''^V^^---V^^J-M,..M. 


= 


^ ^ VM3---Ms — ^■ 





(A.6) 

Now let us write down the massive branch equation V^'^'^'cj) = 0, by operating on it 
from the left by p(*^) which is the same as T)^^'^^ with yU replaced by —fi. By replacing 
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/i£ = ±1 on the solutions obtained here, we can recover the left and right branch 
solutions. The equations are 

A I "^^I (2g-3) ~(s_2) ,1/2 . o\ 1(^-2) 

A0A/1-M, - -^(/>Afi-M, - -^^ ^(Mi VM20M3-M,) + £2^*^^ ~ ^ + ^)9{M,M29 Mz-M,) 



I 1 A 7(s-2) 1 ^ (s-3~ 



A 7(s-2) '^s-2 7(s-2) (2s — 5) (s-3) ^ («— 4) o 

^Vm3-Ms J^r Ma-Ms = / _ 2n2 ^(MsXm4-Ms) ~ 'T'^^diMaMiXMs-Ms)^ ^ ^ ^ 

A (s-3) _ "^s^3 (s-3) _ (2g - 7) ^ (^_4) _ 2 (s_5) 

^Xm4-Ms £2 XMa-Ms ~ / _ 0^,2 ^(^^4XM5---Af,) / _ oNS^'CAfdMs^Mg-Af,)' ■§ > ^ 



A (2) "^2 (2) _ -3^7 (1) 

^Xmn 'J^Xmn — '^^(mXn)^ 



^1 - ^t;^ = 0, (A.7) 



where 



^(.-H=v^^---V^-0i^;l,^, (A.8) 

and mg and rris-m are given in ([4 .51). The procedure to solve the above equations is 



same as the spin-3 analysis done in ||2^. We need to start with the last equation of 
( |A.7|) , the solution of which would be given hj h — h = ±1, where h and h are the 
left and right weights. We will put the solution of x^^^ into the equation of x^^'' and 
decompose x^'^^ into two parts, one carrying the weights of x*^^^ and the other would 
be transverse, the solution of which would be given hj h — h = ±2. Following the 
steps similarly we will decompose x*^^^ into three parts, one carrying the weight of 
X^^^ , another carrying the weights of transverse x*-^^ and a part which is transverse 
on its own carrying weight h — h = ±3. In this way we will finally obtain the full 
solution. We are not interested in obtaining the explicit form of the final solution 
(although there is no technical obstacle in doing so). We will, however, be interested 
in obtaining the weights of the different modes present in the final solution. For that 
it is sufficient (as per the argument above) to analyse the transverse traceless parts 
of the equations ( |A.7|) . For that let us write the Laplacian acting on traceless rank-s 
tensor as 



A^ 



Mi---Ms 



2 /.2 , f2\ s{s + iy 



>Mx---Ms 



(A.9) 



Where, L? and L^ are the left and right SL{2, R) casimirs of the isometry group of 
AdS^ (see eq 4.11 and 4.12 of ||23|). The eigenvalues of L^ and L^ are given by h{l — h) 
and h{l — h), where h and h are the left and right weights of the solution. We will 
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also use the fact that for a rank-s, transverse traceless primary, h — h = ±s. Thus the 
different modes of equation (|A.7|) , will carry weights h — h = ±s, h — h = ±(s — 2), 
h — h = ±(s — 3), ■ ■ ■ , h — h = ±1. By using ( |A.7] ) and ( |A.9|) , we obtain the weights 
of the different modes as 



U-h^-s: , = £(£^iMLi), j^_s^,l+l)-Xl-l) 



2s ' 2s ' 

, - , , , (s -m + l)(s -m) + s(s - l)/i£ , „, 

h-h = +is-m): h = - ^^- -^ ^ ^-^— = r(s,m, ai), 

2(s — m) 

J- s(s — 1)li£ — (s — m — l)(s — m) ,, „^ , ^^ 

h = -^ ^— ) ^ ^^ ^ = k{s, m, /i£), (s - 1) > m > 2, 

2(s — m) 

h — h = — (s — m) : h = k{s, m, fii), h = r{s, m, fii), [s — 1) > m > 2 (A. 10) 

The modes with negative h — h will not belong to the massive branch (they appear 
because we had the operation of V^^^^ on the original equation of motion). But these 
modes will become the right branch solution by taking fii = 1. The modes with 
positive h — h will belong to the massive branch solution. For fii = 1, they will 
become the left branch solutions. These are the weights that also appear in the one 
loop partition function at the chiral point (|4.15| ). 
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